We identify the dynamic chiral magnetic effect and the optical gyrotropy as the manifestations of the same physical phenomenon, namely the dynamic magnetoelectric effect. Therefore, the measurement of optical gyrotropy through Kerr effect is provides a confirmation of the existence of the dynamic chiral magnetic effect. We derive a general formula for the gyrotropic conductivity of a noncentrosymmetric metal in the high frequency limit, and apply our results to the special cases of inversion symmetry breaking Weyl semimetals and noncentrosymmetric cubic metals.
Introduction :
Recently there has been a surge of interest in three dimensional Weyl semimetals, which are gapless systems with nontrivial momentum space topology. In these systems two non-degenerate energy bands linearly cross at isolated points in the momentum space, which act as the unit strength (anti)monopoles of the Berry curvature Ω n,k of the Bloch bands, specified by n = 1, 2 [1, 2] . The low energy quasiparticles around the monopole and the antimonopole are respectively known as the right and the left handed Weyl fermions and the topological invariant of the Weyl fermions is entirely specified by the strength of the monopoles. The existence of the nontrivial Berry curvature requires that the spatial inversion (P) and/or the time reversal (T ) symmetries are broken. In the absence of the inversion symmetry, the Weyl points of opposite chirality can also be separated in energy. Currently there are many proposals for condensed matter systems, which can realize the Weyl quasiparticles in semimetal [3] [4] [5] [6] [7] [8] and superconducting [9] [10] [11] [12] [13] phases.
The nontrivial Berry curvature can lead to many anomalous transport properties. For simplicity, let us consider a Weyl semimetal with one pair Weyl points of opposite chirality, which are separated in the momentum space by δK and in energy space by ∆ (also known as the chiral chemical potential). Field theoretic calculations suggest that such a system possesses a dynamic magneto-electric coupling θ(x, t)E · B, where θ(x, t) = (δK · x − ∆ t) [14] [15] [16] . Since δK and ∆ are respectively odd under time reversal and inversion operations (δK → −δK and ∆ → −∆), the magnetoelectric coefficient θ(x, t) is P and T odd. This magnetoelectric coupling leads to the anomalous charge current
In the absence of T symmetry, the spatial gradient of θ(x, t) governs the anomalous charge Hall current. In contrast, the time derivative of θ(x, t) induces a current along the direction of the applied magnetic field for the inversion asymmetric Weyl semimetal, which is known as the chiral magnetic current [17, 18] . Recently, there has been some controversy regarding the existence of the equilibrium chiral magnetic current in condensed matter systems [19] [20] [21] [22] [23] . In contrast, it is accepted that a dynamic chiral magnetic current can exist in response to a time dependent magnetic field. In particular, the existence of the dynamic chiral magnetic current has been argued in the quark-gluon plasma [17, 24] , and rotating 3 He − A [1] . Therefore it is natural to ask about the possible experimental ramifications of the dynamic chiral magnetic current in solid-state realizations of inversion symmetry breaking Weyl semi-metals.
In this Letter we show that the dynamic chiral magnetic current is intimately related to the optical activity of an inversion symmetry breaking metal, also known as the optical gyrotropy [25] [26] [27] [28] [29] . The optical gyrotropy arises due to the existence of the gyrotropic current in response to the time derivative of the magnetic field or the curl of the electric field, as ∂ t B = −∇ × E. We employ the following definitions of the chiral magnetic and the gyrotropic currents
where σ ch (q, ω) and σ g (q, ω) are respectively the complex chiral magnetic and the complex gyrotropic conductivities. The real and the imaginary parts of the σ ch (q, ω) respectively lead to the currents, which are in and out of phase with the magnetic field. By comparing two definitions we immediately find the remarkable relation
Therefore, we suggest that the gyrotropic Kerr rotation of the electromagnetic wave as a test for the existence of the dynamic chiral magnetic current. Since, the action of the electromagnetic field consists of the coupling j · A, the definition of the chiral magnetic current requires the existence of the following dynamic magnetoelectric coupling
For this reason, the dynamic chiral magnetic effect and the optical gyrotropy are the manifestation of the same physical phenomenon, namely the dynamic magnetoelectric effect. We first derive a formula for σ ch (q, ω) which is applicable for generic inversion asymmetric metals, and also demonstrate that σ ch (q, ω) consists of two parts, which are respectively determined by the Berry curvature of the Bloch bands and the Zeeman coupling. In addition, we show that the Berry curvature induced contribution is dominant for low carrier density. Consequently, the gyrotropic conductivity of the low density Weyl semimetals (with a finite chiral chemical potential ∆) is mainly determined by the underlying Berry curvature. Model: For a concrete calculation we first choose the following generic Hamiltonian for an inversion asymmetric metal
where the spin independent term N 0,k and the spin-orbit coupling N k terms are respectively even and odd under spatial inversion and the Pauli matrices σ operate on the physical spin indices. Later we will use these general results for the special cases of inversion asymmetric Weyl semimetal and cubic metals. The form of N k is determined by the crystallographic point group symmetry. The quasiparticle spectra are given by
where n = 1, 2. When all three components of N k are nonzero, the energy bands possess nontrivial Berry curvatures
For a cubic system around the Γ point, N k = αk, where α is the spin orbit coupling, which has the dimension of velocity. The Berry curvature then acquires the form of a monopole Ω a = sgn(α)k a /(2k 3 ). In the presence of the electromagnetic field we need to replace k by k − eA and also consider the Zeeman coupling gµ B σ · ∇ × A, which leads to the following current (9) and γ = gµ B /e. For simplicity, we will focus on the high frequency regime (ωτ >> 1), where the scattering effects due to impurities can be ignored. In this collisionless regime, the chiral magnetic conductivity can be calculated using the following Kubo formula [17, 18] 
where
(11) is the current-current correlation function and
is the propagator for the fermions. This Kubo formula directly follows from the form of the effective action in Eq. (5). In the above equations, ω n = (2n + 1)πT and ω m = 2πmT are respectively the fermionic and the bosonic Matsubara frequencies. For long wavelength electromagnetic waves, ω > v F |q| and we can ignore the q dependence of the chiral magnetic conductivity. This approximation also provides the answer for the chiral magnetic conductivity in the presence of a time dependent, but spatially homogeneous magnetic field. Therefore, we restrict ourselves to finding the q-linear part of Π ab . In the following we choose Π 12 as a function of q = (0, 0, q). After performing the trace and the Matsubara sum we obtain the following two contributions to the dynamic chiral magnetic conductivity
which respectively arise from the Zeeman coupling and the Berry curvature. These two equations describe our main result, and can be applied to various inversion symmetry breaking metals. After an analytic continuation to the real frequencies, we obtain the complex chiral magnetic conductivity.
We first apply these formula for evaluating the chiral magnetic conductivity of a pair of Weyl fermions with a finite chiral chemical potential ∆. For simplicity we assume δK = 0. Therefore, our model becomes a Dirac Hamiltonian
augmented by the chiral chemical potential ∆. For this model N 0,k = 0 and the expressions for σ ch (ω) are considerably simplified. The entire expression now depends on the derivative of the Fermi function, which at zero temperature reduces to a delta function. The dynamic chiral magnetic conductivity for this model becomes
where µ R/L = µ ± ∆/2, and we have restored . In the absence of the Zeeman coupling, we can set γ = 0, and recover the results of Ref. 17 . Notice that the imaginary part of the σ ch only appears when the frequency is tuned exactly at µ R/L . Even though we obtain a finite chiral magnetic conductivity by setting ω = 0 in Eq. (16), this answer does not describe an equilibrium chiral magnetic effect. For the equilibrium chiral magnetic effect, we have to first set iω m to be zero in Eq. (10) [23] . On general ground we anticipate, the low frequency dynamic chiral magnetic conductivity obtained from Eq. (13) and Eq. (14) to be considerably modified by the scattering processes. In contrast, there is an universality in the high frequency regime. At frequencies much higher than the chemical potentials of the Weyl fermions and the scattering rate 1/τ , the chiral magnetic conductivity is entirely real and decreases as 1/ω 2 . For this reason the high frequency gyrotropic conductivity becomes purely imaginary and is described by
In the above equation j = 1, 2 respectively denote right and left handed fermions, and their Fermi wavevectors are defined as k F,R/L = µ R/L /( |α|). The decrease of σ g (ω) as 1/ω 3 is in accordance with the predictions of classical electrodynamics [25] . To compare the strengths of the contributions from the Zeeman coupling and the Berry curvature, we substitute γ = /m e , where m e is electron's rest mass, and we have chosen g = 2. The Berry curvature can dominate when
which puts an upper bound on the density of carriers. For a typical velocity of non-relativistic Weyl fermions we can take α ∼ 10 4 m/s, which leads to k F,R/L ≪ 10 8 m −1 . The importance of the Zeeman term can be further enhanced in semiconductor based systems where the g ≫ 2.
Now we apply our formula for cubic noncentrosymmetric metals. The form of the Berry curvature for the Weyl fermions and the cubic metals are the same. However, due to the presence of N 0,k ≈ k 2 /(2M ), we obtain the following Hamiltonian
Such a simple continuum description is adequate for describing two Fermi surfaces coming from the two spinorbit split bands, when µ > 0. In the presence of the parabolic term the linear spectrum of Weyl fermions become bounded from below. Consequently, for µ > 0 both bands produce Fermi surfaces and their Fermi wavevectors are respectively given by
Since, the Berry curvatures of the two bands have opposite sign, the net Berry flux through two Fermi surfaces vanishes for µ > 0. In contrast, for a small, but negative chemical potential (µ < 0), one obtains two Fermi surfaces from the lower band (with n = 1), and the net Berry flux through the two Fermi surfaces does not vanish. The compensating Berry flux from the upper band has to come from a different location in the momentum space, and one needs to consider a lattice model for the correct description [23] . For simplicity, we will restrict ourselves to the continuum model with µ > 0. All the momentum integrals for the conductivity can still be exactly performed. But it produces a lengthy expression. For this reason, we again restrict ourselves to the high frequency limit. In this limit the chiral magnetic and the gyrotropic conductivities are respectively real and purely imaginary for any material. The high frequency gyrotropic conductivity of the cubic metal is described by
For a set of large Fermi surfaces, k F /(M |α) = v F /|α| >> 1 the gyrotropic conductivity can be further simplified as
and the frequency dependence agrees with the result of Mineev in Ref. 29 . However, he has ignored the Zeeman contribution, and his prefactor is six times bigger than ours. Within the same approximation, γk F /|α| ∼ v F /|α| and for a crude estimation if we take this factor to be 10, the Zeeman contribution to the gyrotropic conductivity will be a few orders of magnitude bigger than the Berry curvature's contribution. This will significantly alter Mineev's estimation of the Kerr angle. The Kerr angle can be estimated by using the formula [28, 30] tan
where ǫ ab is the dielectric tensor, and ǫ xx (ω) − 1 is determined by the longitudinal conductivity. Since the ratio of the imaginary and the real parts of the longitudinal conductivity σ ′′ xx (ω)/σ ′ xx (ω) ∼ ωτ and we are interested in the regime ωτ ≫ 1, the expression for the Kerr angle can be simplified to
If we further use σ xx (ω) = σ 0 /(1 − iωτ ), and the dc conductivity σ 0 = ne
, where ω p is the plasma frequency, we find
Now it becomes clear that the Zeeman contribution can substantially alter Mineev's estimation θ K ∼ 1µrad [29] . Recently, the enhancement of the optical activity of the Weyl semimetal by applying parallel external electric and magnetic fields has been considered as a test of chiral anomaly in Ref. 30 . Their results are somewhat different from ours, as they have not considered an equilibrium chiral chemical potential, and it rather emerges as a consequence of the chiral anomaly (and it is proportional to E · B). In addition, the authors have not considered the role of the Zeeman coupling either. For real cubic materials such as Li 2 Pt 3 B and Li 2 Pd 3 B, the ab initio band structure calculations show a set of small Fermi surfaces around the eight high symmetry points Γ : (0, 0, 0); M : (π, π, 0), (π, 0, π), (0, π, π); X : (π, 0, 0), (0, π, 0), (0, 0, π); and R : (π, π, π) of the cubic Brillouin zone [31, 32] . It is conceivable that the Berry curvature contribution for these pockets play a dominant role. The Berry curvature can be obtained by choosing N k = t SO (sin k 1 a, sin k 2 a, sin k 3 a), and t SO a = α. It turns out that the Γ and the M points act as the monopoles of Ω and the R and the X points act as the antimonopole of Ω. Therefore the sign of α will change among the locations of the monopoles and the antimonopoles. For this reason, one may anticipate a cancelation of the net gyrotropic conductivity. However, a tight binding description of the spin independent hopping term shows that the monopole and the antimonopoles occur at different reference energies. Thus, Fermi surface radii around different points are not the same. Consequently the net gyrotropic conductivity will remain finite. Our calculations for the cubic metals also suggest a possibility of resonant enhancement of the gyrotropic effect, when the frequency is tuned to the spin orbit splitting ∼ 2αk F ∼ 10
11 Hz in agreement with Ref. 26 . Only for very clean systems, where 2αk F ≫ 1/τ , such resonant enhancement will be observable. For tetragonal systems such as CePt 3 Si, CeRhSi 3 and CeIrSi 3 , around the Γ point N k = α(k 1 , k 2 , k 1 k 2 (k 2 1 − k 2 2 )) ∼ α(k 1 , k 2 , 0) and the Berry curvature is very weak. Consequently, the optical gyrotropy of the tetragonal systems is governed by the Zeeman coupling.
In conclusion, we have established a direct relation between the dynamic chiral magnetic effect and the optical gyrotropy for inversion symmetry breaking metals (see Eq. (3)). We have showed these two effects emerge due to the dynamic magnetoelectric coupling (see Eq. (5)). Based on these observations, we have suggested the optical gyrotropy measured by the Kerr effect, as a direct evidence for the existence of the dynamic chiral magnetic effect in real materials. Our general formula for the high frequency chiral magnetic conductivity (see Eq. (13) and Eq. (14)), which involves the effects of the Berry curvature and the Zeeman coupling can be applied to generic inversion asymmetric metals, including the special case of Weyl semimetal.
